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Abstract

Let M be a compact spin manifold with a chosen spin structure. The Atiyah—Singer index theorem implies
that for any Riemannian metric on M the dimension of the kernel of the Dirac operator is bounded from
below by a topological quantity depending only on M and the spin structure. We show that for generic
metrics on M this bound is attained.
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1. Introduction

We suppose that M is a compact spin manifold. By a spin manifold we will mean a smooth
manifold equipped with an orientation and a spin structure. After choosing a metric g on M,
one can define the spinor bundle ¥'8 M and the Dirac operator D$ : I'(X8M) — I'(XE8M), see
[8,11,16].
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Being a self-adjoint elliptic operator, D8 shares many properties with the Hodge-Laplacian
Af, : L (APT*M) — I'(APT*M). In particular, if M is compact, then the spectrum is discrete
and real, and the kernel is finite-dimensional. Elements of ker Af, resp. ker D§ are called har-
monic forms resp. harmonic spinors.

However, the relations of A‘f, and D$ to topology have a slightly different character. Hodge
theory tells us that the Betti numbers dimker A‘f, only depend on the topological type of M. The
dimension of the kernel of D¢ is invariant under conformal changes of the metric, however it
does depend on the choice of conformal structure. The first examples of this phenomenon were
constructed by Hitchin [12], and it was conjectured by several people that dimker Df depends
on the metric for all compact spin manifolds of dimension > 3.

On the other hand, the Index Theorem of Atiyah and Singer gives a topological lower bound
on the dimension of the kernel of the Dirac operator. For M a compact spin manifold of dimen-
sion n this bound is ([16], [3, Section 3])

|A(M)|, if n=0mod 4;

dim ker D¢ > 1, if n =1 mod 8 and (M) # 0; (1)
“ 2. if n =2 mod 8 and a(M) #0;
0, otherwise.

Here the A—genus A(M ) € Z and the a-genus (M) € Z /27 are invariants of (the spin bordism
class of) the differential spin manifold M, and g is any Riemannian metric on M.

It is hence natural to ask whether metrics exist for which equality holds in (1). Such metrics
will be called D-minimal. In [17] it is proved that a generic metric on a manifold of dimension
< 4is D-minimal. In [3] the same result is proved for manifolds of dimension at least 5 which are
simply connected, or which have fundamental group of certain types. The argument in [3] utilizes
the surgery-bordism method which has proven itself very powerful in the study of manifolds
allowing positive scalar curvature metrics. In a similar fashion we will use surgery methods to
prove the following.

Theorem 1.1. Let M be a compact connected spin manifold without boundary. Then a generic
metric on M is D-minimal.

Here “generic” means that the set of all D-minimal metrics is dense in the C°°-topology and
open in the C'-topology on the set of all metrics. The essential step in the proof is to construct
one D-minimal metric on a given spin manifold. Theorem 1.1 then follows from well-known
results in perturbation theory.

Since dimker D behaves additively with respect to disjoint union of spin manifolds while
the A—genus/o:-genus may cancel it is easy to find disconnected manifolds with no D-minimal
metric.

Let us also mention that if M is a compact Riemann surface of genus at most 2, then all metrics
are D-minimal. The same holds for Riemann surfaces of genus 3 or 4 whose spin structures are
not spin boundaries. However, if the genus is at least 5 (or equal to 3 or 4 with a spin structure
which is a spin boundary), then there are also metrics with larger kernel, see [4,12].

In order to explain the surgery-bordism method used in the proof of Theorem 1.1 we have to
fix some notation.

Let M and N be spin manifolds of the same dimension. A smooth embedding f: N - M
is called spin preserving if the pullback by f of the orientation and spin structure of M are the
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orientation and spin structure of N.If M is a spin manifold we denote by M~ the same manifold
with the opposite orientation.

For I > 1 we denote by B'(R) the standard [-dimensional open ball of radius R and by
SI=(R) its boundary. We abbreviate B! = B!(1) and S'~! = §/~1(1). The standard Rieman-
nian metrics on B!(R) and S'~'(R) are denoted by g and g™, We equip S'~!(R) with the
bounding spin structure, i.e. the spin structure obtained by restricting the unique spin structure
on B!(R). (If | > 2 the spin structure on S'~1(R) is unique, if / = 2 it is not.)

Let f: S* x B"~k — M be a spin preserving embedding. We define

M= (M\ f(S* x Bi=k)) U (BFFT x §"~*=1) /~,

where ~ identifies the boundary of B¥*t! x §"~*=1 with f£(Sk x §"7%=1). The topolog-

ical space M carries a differential structure and a spin structure such that the inclusions

M\ f(SF x B"*) <> M and B! x §"*=1 < M are spin preserving smooth embeddings.

We say that M is obtained from M by surgery of dimension k or by surgery of codimension n — k.
The proof of Theorem 1.1 relies on the following surgery theorem.

Theorem 1.2. Let (M, g™) be a compact Riemannian spin manifold of dimension n. Let M be

obtained from M by surgery of dimension k, where 0 < k <n — 2. Then M carries a metric M
such that

dimker D" < dimker ps".

Theorem 1.2 fits nicely in a hierarchy of results on surgery invariance, all of which also hold
in the trivial case of codim = O surgery. The «-genus (equal to the index of the C¢,-linear
Dirac operator ® [16, Chapter II, §7]) is invariant under all surgeries, the minimal dimension of
ker D is non-increasing when codim > 2 surgeries are performed, positivity of scalar curvature
is preserved under codim > 3 surgeries [10], and for p > 1 positivity of p-curvature is preserved
under codim > p + 3 surgeries [15].

In the case n — k = codim > 3, Theorem 1.2 is a special case of [3, Theorem 1.2], where
the proof relies on the positive scalar curvature of the surgery cosphere $”*~! and the surgery
result of [10]. In the codim = 2 case, the cosphere S' does not allow positive scalar curvature.
However, the spin structure on this cosphere is the one that bounds a disk. The fact that the Dirac
operator on S!' with the bounding spin structure is invertible is used in an essential way in the
proof of Theorem 1.2.

After the publication of the preprint version of the present article, the results and the tech-
niques have been applied to Z-periodic manifolds, i.e. manifolds N with a free Z-action such
that N = N /Z is a smooth compact spin manifold [2,18].

2. Preliminaries
2.1. Spinor bundles for different metrics
Let M be a spin manifold of dimension n and let g and g’ be Riemannian metrics on M. The

goal of this subsection is to identify the spinor bundles of (M, g) and (M, g’) using the method
of Bourguignon and Gauduchon [6].
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There exists a unique endomorphism bg, of TM which is positive, symmetric with respect
to g, and satisfies g(X,Y) = g/(bf;,X, bg,Y) for all X,Y € TM. This endomorphism maps g-

orthonormal frames at a point to g’-orthonormal frames at the same point and it gives a map
bg, :SOM, g) — SO(M, g') of SO(n)-principal bundles. If we assume that Spin(M, g) and

Spin(M, g’) are equivalent spin structures on M then the map bg, lifts to a map ,35, of Spin(n)-
principal bundles,

g

Spin(M, g) — Spin(M, g)

Lo,

SO(M, g) ——= SO(M, g').

From this we get a map between the spinor bundles X8 M and X8 "M denoted by the same symbol
and defined by

B, : TEM = Spin(M, g) x5 Ty — Spin(M, g) xo Ty = »¢'Mm,
v =[s.01 > [Bjs. 0] =By,

where (o, X,) is the complex spinor representation, and where [s, ¢] € Spin(M, g) X, X, de-
notes the equivalence class of (s, ¢) € Spin(M, g) x X, for the equivalence relation given by the
action of Spin(n). The map ﬂg, preserves fiberwise length of spinors.

We define the Dirac operator D8 / acting on sections of the spinor bundle for g by
spg — (88 ' o DE o B
Dé = (,Bg,) oD oﬂg,.

In [6, Theorem 20] the operator 8D is computed in terms of D& and some extra terms which
are small if g and g’ are close. Formulated in a way convenient for us the relationship is

DSy = DY + A (VEY) + BE (), )
where Ai, chom(T*M ® XM, X8 M) satisfies
|A%| < Clg —&'lg, 3)
and Bg, € hom(X8M, X8 M) satisfies
|By| <C(lg — &'l +[VE(e =8N, )
for some constant C.

In the special case that g’ and g are conformal with g’ = F2g for a positive smooth function
F we have

n+l

$DE (F~"T y) = F~"F Dy, 5)

according to [5,11,12].
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2.2. Notations for spaces of spinors

Throughout the article ¢, 1, and variants denote spinors, i.e. sections of the spinor bundle. If
S is a closed or open subset of a manifold M we write CX(S) both for the space of k times con-
tinuously differentiable functions on S and for the space of k times continuously differentiable
spinors. On Ck(S) we have the norm

k
lollcrs) = Zsug\vlgo(xn.

1=0*¢

We sometimes write [|¢[|ck (s ) instead of [|¢]lck(s) to indicate that the spinor bundle and the

norm depend on g. The analogous notation is used for Schauder spaces C*¢.
The spaces of square-integrable functions and spinors are denoted by L2(S) = L%(S, g) and
equipped with the norm

1911725, = / lpI> dvs.
S

Further, sz(S) = sz(S , ) denotes the Sobolev spaces of functions and spinors equipped with
the norm

k
||(p||§]k2(sﬁg) ZZ/|VI¢|2d”g'
=0

Let U be an open subset of M. The set of locally C!-spinors CIIOC(U ) carries a topology such
that ¢; — ¢ in Clloc(U) if and only if ¢; — ¢ in C'(K) for any compact subset K C U.

2.3. Regularity and elliptic estimates
In this section M is not assumed to be compact.

Lemma 2.1. Let (M, g) be a Riemannian manifold and let W be a spinor in L>(M). If ¥ is
weakly harmonic, that is

/ (. Dg) dvf =0

M

for all compactly supported smooth spinors ¢, then \ is smooth.

Lemma 2.2. Let (M, g) be a Riemannian manifold and let K C M be a compact subset. Then
there is a constant C = C(K, M, g) such that

||W||c2(1(,g) < C||1//||L2(M,g)

for all harmonic spinors ¥ on (M, g).
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Proof of the lemmata. The assumptions of Lemma 2.1 imply that [, (v, D?¢) dv& =0 for any
compactly supported smooth spinor ¢. Writing down the equation in local coordinates, one can
use standard results on elliptic partial differential equations (see for example [9, Theorem 8.13])
to derive via recursion that i is contained in H, kz(K , &) for any k € N and any compact K C M
with smooth boundary. Further,

1V 20k 0 < CIVll2a1,g)- ©

The Sobolev embedding H>(K, g) — C!(K, g) for k > n/2 + 1 (see [1, Theorem 6.2]) tells us
that ¥ € C!'(K, g) and gives us an estimate for ||y llc1(k,q) analogous to (6). Now one can use
Schauder estimates (as in [9, Theorem 6.6]) to conclude that v is smooth on any compact set K’
contained in the interior of K, and similarly we derive the C? estimate of Lemma 2.2. O

In the next lemma K C M again denotes a compact subset.

Lemma 2.3 (Ascoli’s theorem [1, Theorems 1.30 and 1.31]). Let ¢; be a bounded sequence in
CY¥(K). Then a subsequence of ¢; converges in CclL(K).

2.4. Removal of singularities lemma
In the proof of Theorem 1.2 we will need the following lemma.

Lemma 2.4. Let (M, g) be an n-dimensional Riemannian spin manifold and let S C M be a com-
pact submanifold of dimension k < n —2. Assume that ¢ is a spinor field such that || @|| 2 (yr) < 00
and D8¢ = 0 weakly on M \ S. Then D8¢ = 0 holds weakly also on M.

Proof. Let i/ be a smooth spinor compactly supported in M. We have to show that

/((p, D8y} dvs =0. (7)

M

Let Ug(6) be the set of points of distance at most § to S. For a small § > 0 we choose a smooth
function n : M — [0, 1] such that n = 1 on Us(3), |gradn| < 2/8, and n = 0 outside Us(238). We
rewrite the left-hand side of (7) as

f(co, D8yr)dvt = /<<p, DE((1 =y +nv))dvs

M M

=/<w,Dg(<1—n>1/f))dvg

M

+/(<p, nD3yr)dvs +/(g0,gradn ) dvs.

M M
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As D8¢ =0 weakly on M \ S the first term vanishes. The absolute value of the second term is
bounded by

lell 2wy sy |Dsy | L2(Ug(25))

which tends to 0 as 6 — 0. Finally, the absolute value of the third term is bounded by

Nl—

2 C
3 el 2 wgesp 1V 2wy 2s)) < E”@”]}(Us(za)) VOI(US(ZS) N SUPP(I/f))
n—k _
< Cllol2wsesyd -
Since n — k > 2, the third term also tendsto O as § — 0. O

2.5. Products with spheres

Lemma 2.5. Let ). be an eigenvalue of (D3"™)2 on S! for some [ > 1. Then % > 12 /4.

When [ = 1 it is important that S! is equipped with the spin structure which bounds the disk,
for the non-bounding spin structure there are harmonic spinors and the estimate is not true.

Proof. First we look at the case = 1. Since S! carries the bounding spin structure it follows
that the action of S! on itself by multiplication does not lift to X'S!. However the action of the
non-trivial double covering of S'—which is again S'—lifts to XM, turning I"(X M) into an
S!-representation. The irreducible components have odd weight. From this one concludes that
A=(k+ %)2 for some k € Z, and the lemma follows.

In the case [ > 2 the scalar curvature of (S, g"d) is scals™"™ = [(I — 1) and thus Friedrich’s
bound [7] implies

round
> minscal®  =1%/4. O
41 — 1) xes! /

If (M, g) and (N, h) are compact Riemannian spin manifolds then the Dirac operator D8 on
(M x N, g + h) can be written as D" + DT where D"®' is the part of D which only contains
derivatives along M, and D" is the part which only contains derivatives along N. These two
operators anticommute, and thus

(Dg+h)2 _ (Dvert)Z + (Dhor)z.

It is easy to see that DV has the same spectrum as D¢, but with infinite multiplicities. The same
holds for D"" and D". We conclude the following.

Proposition 2.6. Let (M, g) be a compact spin manifold and | > 1. Then the spectrum of
(Df"'*'f%’roumd)2 on M x S is bounded from below by I*/4.
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3. Proof of Theorem 1.2

For Theorem 1.2 we have given a compact Riemannian spin manifold (M, g) of dimension .

The manifold M is the result of surgery on M using an embedding f : S¥ x Bk — M. We
assume n — k > 2.

We will here use a slightly more detailed description of the surgery data which better suits our
geometric constructions. Let i : S¥ — M be an embedding and denote by S the image of i. Let
¥ : v — S be the normal bundle of S in (M, g). We assume that a trivialization of v is given
in the form of a vector bundle map ¢ : Sk x R"* - v with (x" o )(p,0) =i(p) for p € Sk,
We also assume that ¢ is fiberwise an isometry when the fibers R”* of S* x R"~* are given the
standard metric and the fibers of v have the metric induced by g. We then get an embedding as
above by setting f = exp” ot : S¥ x B"=k(R) — M for sufficiently small R. Here exp’ denotes
the normal exponential map of S. For small R we define open neighbourhoods Ug(R) of S by

Us(R) = (exp” o) (S* x B"*(R)).
3.1. Approximation by a metric of product form near S

In the following r(x) denotes the distance from the point x to S with respect to the metric g.
We denote by # the restriction of g to the tangent bundle of S.

Lemma 3.1. For sufficiently small R > 0 there is a constant C > 0 so that
G =g ((exw o))" (g™ + 1)

satisfies
|G(x)| < Crx), VG| <C

on Us(R).

Note that in this lemma the function r(x) is by definition the distance of x to S with respect
to g but it coincides with the distance of x to S with respect to the metric ((exp® ot) ~1)* (g1 +1).

Proof. Since x — VG (x) is continuous on a neighborhood of S we can find a constant C such
that [VG (x)| < C for sufficiently small R > 0. Now, let x € S. First we notice that the spaces T S
and v, are orthogonal with respect to both the scalar products g(x) and ((exp” ot)~")*(gfl2t +
h)(x). It is also clear that these scalar products coincide on T, S. Since the differential d (exp" ot)
is an isometry, they coincide also on v,. This implies that g(x) = ((exp” ot)~1)* (g2 + h)(x)
and hence that G(x) = 0. We obtain that G vanishes on S. Since G is C!, |G| is 1-lipschitzian
and thus there exists C > 0 such that |G(x)| < Cr(x). O

The following proposition allows us to assume that the metric g has product form close to the
surgery sphere S.
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Proposition 3.2. Let (M, g) and S be as above. Then there is a metric § on M and 5y > 0 such
that d8(x, S) =d8(x, S), g has product form on Us(8y), and

dimker D? < dimker DS.

For 6 > 0 let n be a smooth cut-off function such that 0 < n <1, n =1 on Ug(§), n =0 on
M\ Ug(28), and |dn|, <2/5. We set

g = n((exp” oc)il)*(gﬂat + h) + 1 -n)g.

Then g5 has product form on Ug(§) and dé (x, S) = d%® (x, S) = r(x). Through a series of lemmas
we will prove Proposition 3.2 for g = gs with sufficiently small §.

In the following estimates C denotes a constant whose value might vary from one line to
another, which is independent of § and n but might depend on M, g, S. Terms denoted by o0; (1)
tend to zero when i — oo.

Lemma 3.3. Let §; be a sequence with §; — 0 as i — o0o. Let ¢; be a sequence of spinors on
(M, gs,) such that D% ¢; =0 and [, |@i|> dv8% = 1. Then the sequence ﬂ?i @; is bounded in
H{ (M., g).

Proof. As [ |/3§5" @i|>dvé =1+ 0;(1) we have to show that

/|Vg ﬁg Pi | dvs

is bounded. Suppose that the opposite is true, that is o; — 00, and set {; = a._l ﬁgai ¢;. Then we

have 8D ; = 0 since ﬂga ) ,Bg = Id, so the Schrodinger—Lichnerowich formula [16, Theo-
rem 8.8, p. 160] together with (2) tells us that

1:/|vg¢,»|§dvg

M
gy 21 8 o |2 g
= [ (|Dsvi] —Zscal [vil* ) dv
M

:/(|A§5 (Vi) + Bg, (i) ) ——scalg|1// |2> dv®
M

<f(2|A§ (Vew)[* +2|BS, (i) ——sca18|w| )dvg.

M

Using (3), (4), Lemma 3.1, and the fact that g and gs, coincide outside Ug(25;) we get
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1<C8? / |V8¢,~|§dvg+c / |¢,~|2dug+c/|w,~|2dvg
M

Us(25;) Us(25;)

<C8+C / i[> dvé + a2 (14 0; (1))
Us(26;)

<C / [ |* dvs + 0 (1)

Us(28:)

< Cozi_zf lgil? dvé +0; (1) = 0
M

—_———
=140;(1)

which is obviously a contradiction. 0O

Lemma 3.4. Again let §; be a sequence with §; — 0 as i — o0 and let ¢; be a sequence of spinors
on (M, gs;) such that D%% ¢; =0 and fM |@i |> dv®% = 1. Then, after passing to a subsequence,

,355" @; converges weakly in le (M, g) and strongly in L*>(M, g) to a harmonic spinor on (M, g).

Proof. According to Lemma 3.3 the sequence ﬂgg" @; is bounded in H 12(M , &) and hence a sub-
sequence converges weakly in H 12(M , g). After passing to a subsequence once again we obtain
strong convergence in L>(M, g). We denote the limit spinor by ¢.

Lemma 2.2 implies that ,858" @; is bounded in C (M \ Us(¢)) for any ¢ > 0, and Lemma 2.3
then implies that a subsequence converges in C Y \ Us(¢)). Hence the limit ¢ is in Clloc (M\S)
and satisfies D¢ =0 on M \ S. Since ¢ is in L>(M, g) it follows from Lemma 2.4 that ¢ is a
weak solution of Dp =0 on (M, g). By Lemma 2.1 it then follows that ¢ is a strong solution
and a harmonic spinor on (M, g). O

Proof of Proposition 3.2. Let m = liminfs_, o dimker D$¢. For sufficiently small § let gog, ey
@5' € ker D% be spinors such that

J k g5 ’ J )
M
According to Lemma 3.4 there are spinors ¢!, ..., ¢" € ker D¢ and a sequence 8; — 0 such

that B¢ @y, converges to ¢/ weakly in H{ (M, g) and strongly in L*(M, g) for j =1,...,m.
Because of strong LZ-convergence the orthogonality relation (8) is preserved in the limit so
dimker D8 > m. Hence there is a 8o > 0 so that dimker D% = m < dimker D¢ and the propo-
sition is proved with g = g5,. O
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0<p<Krg<ry/2 < Rmax

Fig. 1. Hierarchy of variables.

3.2. Proof for metrics of product form near S

We now assume that g is a product metric on Ug(Rmax) for some Rpax > 0. This we may do
by Proposition 3.2. In polar coordinates (r, @) € (0, Rmpax) X §"=k=1 on B"k(Rmax) we have

g= gﬂat +h zer +r2gr0und +h.

Let p > 0 be a small number which we will finally let tend to O (see also Fig. 1). We decom-
pose M into three parts

(1) M \ US(Rmax),
(2) Us(Rmax) \ Us(p/2) = [p/2, Rimax) x S" %1 x Sk,
(3) Us(p/2) = B"*(p/2) x Sk.

The manifold M is obtained by removing part (3) and by gluing in §” %=1 x B¥*1 that is M is
the union of

(1) M\US(Rmax)»
(2) Us(Rmax) \ Us(p/2) = [p/2, Rmax) x S" %=1 x Sk,
(3/) Sn—k—] X Bk+1.

We now define a sequence of metrics g, on M. The metrics gp will coincide with g on part (1),
but will be modified on part (2) in order to close up nicely on part (3'). ~
Let rg, r1 be fixed such that 2p < rg <r;/2 < Ryax/2. Define g, on M by

(nH 8p =8 0n M\ Us(Rmax),
2) gp= F2(dr? + r2grouwnd 4. fﬁh) on (p/2, Rmax) x 8" %=1 x §k where F and fp satisfy

1, if ri <r < Rumax;
1/r, ifr <y,

1, ifr>2p;
r, ifr<p.

F(l’)={ and fp(r)z{

3 g = ground 4 Yp on §n=k=1 5 Bk+1 where ¥p 1s some metric so that g, is smooth.

In order to visualize the metric g, two projections are drawn in Fig. 2. In both projections the
horizontal direction represents — logr. In the first projection the vertical direction indicates the
size of the cosphere $”¥~1. In the second projection the vertical direction indicates the size of
S which is fiberwise homothetic to (S = S¥, ).

Our goal is to prove that

dimker D8 < dimker D¢ 9)

for small p > 0. Before we are able to do that we need some estimates.
For o € (0, Riax) let U(w) = M \ (M \ Us(a)) so that M \ Us(a) = M \ U().
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2p

9 =49 9p = 1‘129

S™~F=1 has constant length

Fig. 2. The metric g, .

Proposition 3.5. Let s € (0, r9/2). Let ¥, be a harmonic spinor on (A7I, 8p)- Then for2p € (0, s)
it holds that

/ |7y, [P dve < 32 f |F*7 y, [* dvs.

T\T(2p) T\ (s)

liroo& Let n € COO(M) be a cut-off function with 0 < n <1, n =1 on l7(s), n =0 on
M\ U(2s), and

hIl\J

ldnlg < (10)

The spinor ny, is compactly supported in U (2s). Moreover, the metric gp can be written as
8p = = ground . h, on U(2s) where the metric 4, is equal to r=2dr? +r_2f2h on U(2s) \ U(,o/2)
and is equal to y, on §"~ k=1 g+l — U(p/2). Hence (U(2s), 8p) 1s isometric to an open subset
of a manifold of the form §”*~! x N equipped with a product metric g™ + gy, where N
is compact. By Proposition 2.6 the squared eigenvalues of the Dirac operator on this product
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manifold are greater than or equal to (n — k — 1)?/4 > 1/4. Writing the Rayleigh quotient of
ny, we obtain

1 < fﬁ(zs) |Dgp(771ﬁp)|2dvgp

< (11)
4 fﬁ(zs) [n¥pl? dvse
Since D8»vr, =0 we have D& (ny,) = grad®” n - ¥, so
2 2
| D% () |” = [grad®e -y |” = ldnl} 19,3 - (12)

By definition dn is supported in (7(2s) \ ﬁ(s). On M \ (7(2,0) we have g, = F?g. Moreover, by
relation (10) and since ' = 1/r on the support of dn, we have

452
2 20002
ldnlg, =r"ldnly < =
and hence
2
o 4r
D% Grr)|” < 5 1w

Since g, = r~2g on l7(25) \ l7(s) we have dvé» =r~" dv8. Using Eq. (12) it follows that

4 n—
/ ‘Dgp (Ul/fp)yzdvgp < = / r2+(n—l)—n |r_711//p|2dvg
S
U (2s) T)\U(s)
8 n=l 2
<< / |F 2y, | dvs, (13)
T@s))\U(s)

where we also use that » < 2s on the domain of integration. Since 1 € [0, 1] on U 2s)\ U (s),
since n =1 on U(s), and since g, = r_zg on U(s) \ U(2p), we have

/ [Ny, |* dvse > / [, |* dvse

U(2s) TN\T(2p)
- [
U\U2p)
1 e
> f |F"T s, |2 dvf, (14)
S
U\T@2p)

where we use that » < s in the last inequality. Plugging (13) and (14) into (11) we get
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8 [ - n—1 2
L s Joeoniw 1F 7 Yol dv®
471 PR

s Joendn |F 7 Yol? dvs

and hence Proposition 3.5 follows. 0O

Proof of Theorem 1.2. We are now ready to prove (9). For a contradiction suppose that this
relation does not hold. Then there is a strictly decreasing sequence p; — 0 such that dimker D¢ <
dimker D4 for all i. To simplify the notation for subsequences we define E = {p;: i € N}. We
have 0 € E and passing to a subsequence of p; means passing to a subset £/ C E with 0 € E’.
Let m = dimker D8 + 1. For all p € E we can find D$»-harmonic spinors I/f)), e, w;” on

(ANJ, gp) such that

. : 1, ifj=k
(0], ob)dve = f (w{wﬁ)d”g:{o, ifj';ék, (1

M\Us(s) M\U(s)

where goﬁ]; —F'7T wg and s < rg < r1/2 is fixed as above. The spinor fields (p,{; are defined on
M \ Us(2p) and by (5) they are D&-harmonic there.

Step 1. Let § € (0, Rmax)- For j =1,...,m and p € E small enough we have
02| dv < 33. (16)
M\Us(8)
By Proposition 3.5 we have
wifavc<s2 [ |gifav
Us(s)\Us(2p) Us(2s)\Us(s)
and hence if 2p < § it follows that
‘golf;‘zdvg <32 / |<plf;|2dvg.
Us(s)\Us () M\Us(s)
We conclude that
P2 ) ")
iPavi= [ fefacs [ lefa
M\Us(8) M\Us(s) Us(s)\Us(8)

<(1+32) / |0l |*dvs,
M\Us(s)

and (16) follows from (15).
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Step 2. There exists E' C E with0 € E’ and spinors ®', ..., ®" € C' (M \ S), D&-harmonic on
M \ S such that ¢, tend to &7 in Clloc(M \SYasp—0, peckE.

Let Z € N be an integer, Z > 1/s. By (16) the sequence {(p;’;}peE is bounded in L?(M \

Us(1/Z)). By Lemma 2.2 it follows that {(p[,}peg is bounded in C2(M \ Us(2/Z)) for all
sufficiently large Z. For a fixed Zo > 1/s we apply Lemma 2.3 and conclude that for any

j there is a subsequence {(p,])}pego of {gp})}peg that converges in C'(M \ Us(2/Zp)) to a
spinor CD({. Similarly we construct further and further subsequences {¢£} peE; converging to dbij in
C'(M\ Us(2/(Zo +i))) with E; C E;_ C --- C Eg C E, 0 € E;. Obviously @] extends ®; .
Define E’ C E as consisting of one p; from each E; chosen so that p; — 0 as i — co. Then
the sequence {(p};} pecE’ CONVerges in CIIOC(M \ §) to a spinor ®7. As go,]; is D&-harmonic on
(M \ Us(2p)) the CIIOC(M \ S)-convergence implies that D8P/ =0on M \ S. We have proved
Step 2.

Step 3. Conclusion.
By (16) we conclude that
2
/ |®|” dv® <33,
M\S
and hence ®/ € L?(M) for j =1, ..., m. By Lemmas 2.4 and 2.1 we then conclude that @/ is

harmonic and smooth on all of (M, g). Since M \ Us(s) is a relatively compact subset of M \ S
the normalization (15) is preserved in the limit p — 0 and hence

i 1, ifj=k;
i o\ gpe 10 J ’
(@7, &) dvt = {0, it j k.
M\Us(s)
This proves that &l ... P™ are linearly independent harmonic spinors on (M, g) and hence

dimker D¢ > m which contradicts the definition of m. This proves relation (9) and Theo-
rem 1.2. O

4. Proof of Theorem 1.1

The proof will follow the argument of [3] and we introduce notation in accordance with that
paper. For a compact spin manifold M the space of smooth Riemannian metrics on M is denoted
by R(M) and the subset of D-minimal metrics is denoted by Rpyin(M).

From standard results in perturbation theory it follows that Ry, (M) is open in the C'-
topology on R(M) and if Ruyin(M) is not empty then it is dense in R(M) in all C*-topologies,
k > 1, see for example [17, Proposition 3.1]. We define the word generic to mean these open
and dense properties satisfied by Rmin (M) if non-empty. Theorem 1.1 is then equivalent to the
following.

Theorem 4.1. Let M be a compact connected spin manifold. Then there is a D-minimal metric
on M.
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Before we start the proof we note the following consequence of Theorem 1.2.

Proposition 4.2. Let N be a compact spin manifold which has a D-minimal metric and suppose
that M is obtained from N by surgery of codimension >2. Then M has a D-minimal metric.

Proof. This follows from Theorem 1.2 since the left-hand side of (1) is the same for M and N
while the right-hand side may only decrease. O

From the theory of handle decompositions of bordisms we have the following.

Proposition 4.3. Suppose that M is connected, dim M > 3, and that M is spin bordant to a
manifold N. Then M can be obtained from N by a sequence of spin-compatible surgeries of
codimension >2.

Proof. If dim M = 3 the statement follows from [13, VII Theorem 3]. If n = dim M > 4, then
we can do surgery in dimensions 0 and 1 on a given spin bordism between M and N and obtain
a connected, simply connected spin bordism between M and N. It then follows from [14, VIII
Proposition 3.1] that one can obtain M from N by surgeries of dimensions 0, ...,n —2. O

Proof of Theorem 4.1. From the solution of the Gromov-Lawson conjecture by Stolz [19]
together with knowledge of some explicit manifolds with D-minimal metrics one can show that
any compact spin manifold is spin bordant to a manifold with a D-minimal metric. This is worked
out in detail in [3, Proposition 3.9]. We may thus assume that the given manifold M is spin
bordant to a manifold N equipped with a D-minimal metric. If dim M > 3 the theorem then
follows from Propositions 4.2 and 4.3.

Next we assume dimM = 2. If «(M) = 0 then M is obtained by surgeries of dimension O
on S%. We let the 2-torus 72 be equipped with the spin structure for which a(T2) # 0, then if
a (M) # 0 we know that M is obtained by surgeries of dimension 0 on 7'2. The canonical metrics
on $? and T? are D-minimal, so Theorem 4.1 follows from Proposition 4.2. O
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